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Onsager's result concerning the quantization of the magnetic flux enclosed by the orbit of an 
electron moving in a static uniform magnetic field is shown to hold also in the relativistic case, and 
not to be restricted to the regime considered by Onsager in which the correspondence principle can 
be applied. The results obtained via the correspondence principle and via expectation values differ, 
however, in the deails. It is shown also that the eigenenergies and eigenfunctions of Dirac's relativistic 
equation for an electron in a static non-uniform and arbitrarily strong magnetic field may be 
obtained directly from the solutions of Schrödinger's non-relativistic equation. In this case the 
expectation value of an observable depending on coordinates only equals the one calculated directly 
with the non-relativistic eigenfunctions. 
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1. Introduction 

More than 35 years ago Onsager [1] found that 
dur ing the mot ion of an electron in a static uniform 
magnetic field "the cross-section of the helical orbit is 
determined by the condit ion that the enclosed mag-
netic flux equals (n + 0 ) 'force lines'". This relation 
happened to be very useful in the context of the 
de H a a s - v a n Alphen effect in metals. The mot ion 
considered by Onsager was obviously of non-relativis-
tic character. The aim of the present paper is to exam-
ine the same problem in the relativistic case. The 
derivations are, on the one hand, based on the corre-
spondence principle used by Onsager (Sect. 4) and, on 
the other hand, on expectation values (Section 5). 

2. Reduction of Dirac's Equation 
for Static Non-uniform Magnetic Fields 
to a Schrödinger-Type Equation 

In order to account for both the q u a n t u m and the 
relativistic character of the electron mot ion, Dirac 's 
equat ion containing an electromagnetic field (see e.g. 
[2]) must be solved: 

ot 

e 
p+ - A an + rn c2 ß — e <P >A, (2.1) 
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where <P and A are the scalar and vector potential of 
the electromagnetic field, ß and a are s tandard Di rac 
matrices. The electron charge is —e, where e denotes 
the elementary charge. The four -component wave 
function tJ/ may be represented as a co lumn of two 
spinors </> and x 

(2.2) 

F o r time independent fields, s ta t ionary solutions 
ijj oc exp (/ E t/h) are possible and, under the addi t ional 
assumption <P = 0, (2.1) can be written as 

(2.3) 

{E-mc2)(j) = ca \p+ - A ] x, 

(E + mc2)x = c a • ( p + - A )</>. 

Here a represents three Pauli 's matrices. The second 
of these equat ions yields x in terms of </>: 

X = E + mc 
a \ p + - A U. (2.4) 

When this is used in the first of the Eqs. (2.3), the 
following equation for </> alone results: 

(E — mc)(p = 
E + mc2 e - [ p + - A 4>. (2.5) 
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With the identity obeyed by Pauli 's matrices 

2 / „ \ 2 e f l 

+ — a H, 
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energy eigenvalues 

o-\p+-A = \ P + - A (2.6) 

where H = cur\A is the magnetic field, (2.5) can be 
written in the form (comp. [3]) 

(2.7) 

3?<p = 

where 

1 

2 m 
p+-A + 

e h 

2m c 
H = E 

E = 
2 m & 

(2.8) 

This is formally a Schrödinger equat ion for a non-
relativistic particle in a static non-uniform magnetic 
field, with E and </> playing the roles of the eigenenergy 
and the eigenfunction, respectively. 

F o r a solution E q , (f)q of (2.7), where q s tands for a 
set of q u a n t u m numbers , the relativistic energy Eq is 
given by 

E = (m2 c 4 + 2 m c2 E, )1/2 = mc2 2 F a 1+ 1 
m c 

1/2 

and the density by 

<A* ^q = (t>? <t>q+x% xq = 

E, 

1 + 
2 m Eq c 

1 + 
•mc 

En + mc2 

(Eq + m c' 

^(r)<t>q(r). 
(2.10) 

This differs f rom its non-relativistic counterpar t only 
by a factor independent of r. This factor must be taken 
into account when the normalized i//q is calculated 
f rom the normalized 4> . 

3. Solution of Dirac's Equation in the Case 
of a Static Uniform Magnetic Field 

Landau [4] found the solutions of the Schrödinger 
equat ion for a particle in a static uniform magnetic 
field H = (0,0,H) for two different gauges, A — 
(— 7/ y, 0,0) and 

A = - \ r x H= ( - f H y, \ H x, 0), (3.1) 

where it was convenient to introduce cylindrical coor-
dinates 5, z with 

x = g cos 9, y = g sin (3.2) 

The second gauge is the appropr ia te one for the pres-
ent purpose. In this case Landau obtained for the 

nlsp-

where 

n + i ( l + s + Z + |Z|) 1 7 
h(vH+ - — p i , 

2 m 

ojH = (e H)/(m c) 

(3.3) 

(3.4) 

is the cyclotron frequency in the field H. Three quan-
tum numbers - the radial mode number n, the z com-
ponent / of the angular momen tum, and the spin s -
are discrete: 

n = 0 , 1 , 2 , . . . ; / = 0, ± 1 , ± 2 , . . . ; s = - l , + 1 , (3.5) 

while the four th number , p . , is a cont inuous variable. 
The corresponding non-normal ized wave function is 

<Pnlspz(8'^z) (3.6) 

= exp i(is + pz z/h) L^I (£) |s>, 
where 

Q = Q2/(2a2)-, ajj — h/(mcoH). (3.7) 

The funct ions L*n(x) are Laguerre polynomials , and 
(2.9) the spinor |s> is |1> — ' a n d | - l > = T . We note 

that the electron density corresponding to (3.6) does 
not depend on the coordinates 5 and z and the quan-
tum numbers s and p . : 

(3.8) 

Having E n I s p z , (3.3), and (f)n,sPz, (3.6), we find the cor-
responding solution of Dirac 's equat ion by applying 
(2.9) and (2.2) with (2.4). 

4. Derivation of Onsager's Relation 
by Means of the Correspondence Principle 

Onsager 's relation concerns the helical orbit of an 
electron, which is primari ly a classical concept. There-
fore, Onsager applied the correspondence principle 
for his derivation. In this section, we do the same for 
the relativistic theory. An exact q u an tu m mechanical 
t reatment is presented in the next section. 

In classical relativistic mechanics the gyroradius of 
an electron is given by (see e.g. [5]) 

R = vJco, (4.1) 

where 
co = (ecH)/E (4.2) 

is the frequency of the gyromot ion and 

E = mc2 
' v2' 

(4.3) 
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is the energy of an electron with velocity v. vL is the 
component of this velocity perpendicular to H . v x and 
v are both constant . 

In the following we choose a f rame of reference in 
which pz = 0 and therefore 

v± = v. (4.4) 

The energy E occurring in (4.2) and (4.3) is the ki-
netic energy of the electron. It should therefore be 
given by the eigenenergy Enls0 with s set equal to zero. 
Of course, in fact only values s = ± 1 are allowed, but 
with these values of s, Enls0 also contains contr ibu-
tions s temming f rom the magnet ic momen t and the 
magnetic field. According to (4.2) and (2.9) this leads to 

<J) = W, 1 + 2 Enls=( 

m c 

- 1 / 2 

(4.5) 

This quasi-classical frequency depends on the quan-
tum numbers n and /, while in the limit c-* oo it is 
simply a)H, i.e. independent of n and /. 

Essentially the same result can be obtained by 
Bohr-Sommerfeld 's old q u a n t u m theory (see e.g. [6]) 
applied by Onsager . It leads to 

E = {m2 c4 + 2m c2 h ojh [n + 0 + \ (/+1/|)]} 1/2 (4.6) 

This Bohr-Sommerfeld expression for the energy is 
equal to that given by (2.9) and (3.3) for 0 — which has 
to be of order 1 — equal to \ (1 + s), with s = 0. The well 
known Bohr-Sommerfeld rule yields the frequency of 
the orbital mot ion as 

dE co ri 
co= T~I— = i = — — r _ (4.7) 

hdn 
1 + 

2 hcoH [n + 0 + (l+\l\)/2] 

which agrees with the expression (4.5). 
F r o m (4.3), (2.9) and (3.3), we obta in 

1/2 

j 2 Enl00 j 1 2 Enl00 " I v = i 
j 1 2 Enl00 > ( m m c2 J (4.8) 

This expression differs f rom the non-relativistic one by 
the factor appear ing in the square brackets. The gyro-
radius R resulting from (4.1) is then 

R = 

j 2 Enl00 

) m 
. 2£„ ; 0 O 

2 m c 

1/2 

coH 
. 2 Enl00 

2 m c 

-1/2 

"2 E„u 
1/2 j (4.9) 

An impor tant feature of this expression is that the 
relativistic corrections have cancelled exactly: the ra-
dius of a relativistic orbit is given by the same expres-
sion as in the non-relativistic case. The corresponding 
flux of the magnetic field enclosed by the electron 
orbit, 

H n R2 = n + i ( l + / + | / | ) 
he 
— , (4.10) 

is therefore also the same, relativistically as well as non-
relativistically, and hence identical with Onsager ' s 
relation quoted in the Int roduct ion. The shift 0 oc-
curing in Onsager 's formula should be of order 1, 
as mentioned before. In the present derivation it 
was obtained to be 1/2. O u r integer combina t ion 
n + 4 ( / + | / | ) corresponds to Onsager ' s n. 

5. Derivation of Onsager's Relation by Means 
of Exact Quantum-Mechanical Expectation Values 

The conclusion of the previous section, tha t the 
magnetic flux enclosed by an electron orbit is de-
scribed relativistically and non-relativistically by the 
same formula, was obtained for a regime in which the 
correspondence principle is valid. In this section we 
generalize the result to arbi t rary regimes. The me thod 
is to treat this quant i ty in terms of the expectat ion 
value for the flux H ng2, where g2 = x2 + y 2 (see (3.2)). 

According to (2.10), the expectat ion value of any 
function Q (r) for a s tat ionary relativistic state, having 
the quan tum number q, is given by 

<Q>, = <*f|fl*«> 

= {\d3r^ (r) xjjq (r) fl (r)}/{ J d3 r ^ (r) ^ (r)} 

= { j d3 r (r) cf>q (ir) Q (r)}/{ j d3 r cj>* (r) cf>q (r)} 

= < 0 « | O 0 , > , (5-1) 

so it is the same as for a non-relativistic state having 
the same quan tum number q. These states correspond 
to the electron mot ion in a static non-uni form mag-
netic field. Based on this relation, we present here two 
ways of obtaining an expression for <f?2>-

The first one makes use of the eigenfunctions (3.6) 
(see also (3.8)): 

< ö 2 > = (5-2) 

2a2]dQe-Hin + 1 [ L ^ m 2 / ] dc C m [ 4 " (c)]2 . 
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Applying the propert ies of the Laguerre polynomials 
[7], namely 

o nl 
(5.3) 

1 e2 H2 

2 m Kmc 

eH 
+ ~z—-<Pvx-pxy>. 

2 m c 
(5.8) 

and Since the opera tors a • H and pxx — p y appear ing in 
L"„ (£) = Lx„+1 (£) — La

nt.\ (£); LQ = 1; L*_y= 0, (5.4) (5.7) and (5.8) commute with the Hamil tonian , the 
quan tum numbers / and s correspond to the expecta-

we obta in 

{q2} = 2ajj(2n+\l \ +1) 

and therefore, with (3.7) 

H n (g2} = (2n + \ l\ + \) 
h c 

(5.5) 

(5.6) 

tion values 

<pyx-pxy> = 1 ft 

and 

eh 1 
<<r • H} = hcoH-s. 

2 mc 2 

(5.9) 

(5.10) 

1 e2 H2 

2 m 8 mc 

= h co, 
1 

This version of Onsager ' s relation is, according to x h e r e f o r e ? { 5 J ) r e d u c e s t o 

(5.1), valid relativistically and non-relativistically. The 
combina t ion (2 n +1 /1 + 1 ) may be any positive integer 
number . We note, however, that the relations (5.6) and 
(4.10) are different; this concerns especially the mini-
m u m flux obtained for n = l = 0. Of course, relation 
(4.10) is not expected to be valid for these values of n 
and I. 

The second way to obta in an expression for 
does not make use of an explicit knowledge of the 
wave function. We evaluate it for the same states as 
before, defined by n, l,s,p„ = 0. The eigenenergy (3.3) 
of the Schrödinger equat ion (2.7) may be written as 

(5.11) 

Then, owing to the virial theorem, the expectat ion 
value of the opera tor 

d i 
:(xpx+ypy)= xpx+ypy] 

(5.12) 

1 

2m 

= Enls0 = ft 0)H 

2X eh 
+ <<r • H} 

2m c 

= 2 
1 e2 H 2 

^-(P2
x + P2y)-ir—j(x2 + y2) 

2 m 8 mc 

vanishes. After inserting this result in (5.11) we obta in 

n+ - ( l + s + / + | / | ) 
e H' 

(5.7) <x 2 4-y 2 > = h a>H » + { ( 1 + 1/1) 

With the potential A given by (3.1), one has 

. 2 \ 1 

2m 
p + - A 

4 m c 2 

or, with the definitions (3.4) and (3.7), 

<g2) = 2a2 (2n +1 + |/1) 

which is again the result (5.5). 

(5.13) 
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